We theoretically study the frequency stability of an opto-mechanical radio frequency oscillator based on resonant interaction of two optical and one mechanical modes of the same optical microcavity. A generalized expression for the phase noise of the oscillator is derived using Langevin formalism and compared to the phase noise of existing electronic oscillators.
I. INTRODUCTION
The opto-mechanical oscillator (OMO) generates spectrally pure radio frequency (RF) signals [1] [2] [3] [4] [5] [6] due to ponderomotive interaction between photons and phonons. Phase noise and linewidth are the main characteristics detremining the performance of an oscillator and its practical usefulness. It was shown that the OMO linewidth can be small enough to be ultimately described by a Schawlow-Townes-like formula [7] . A Leeson model [8] of the phase noise far from the carrierfor a radiation pressure driven OMO was presented in [9] . In this paper we derive a generalized formula for the OMO phase noise that takes into account the noise of the light pumping the resonator.
Using the formula, we analyze Allan deviation of the oscillator frequency as well as its linewidth. The predicted performance of the OMO is then compared with the performance of existing electronic oscillators.
Opto-mechanical oscillation can be described as a strongly nondegenerate parametric process in which a pump photon is transformed to a photon of lower frequency (Stokes photon) and a phonon [10] . This occurs when the pump power exceeds a certain threshold determined by the loss of the system, and the coupling efficiency between the light and the mechanical modes. In the case of microcavity-based OMO, the process is allowed if the resonator has at least two optical modes with frequency equal to the frequency of a mechanical mode. This condition satisfies energy conservation. The momentum conservation (phase matching of the parametric interaction) is met by the requirement of spatial overlap between the optical and the mechanical modes that ensure the convolution integral of the electric fields and the mechanical displacement, as well as mechanical strain, is nonzero [11] .
Generally, the radiation by a laser is assumed to be phase insensitive. It means that the phase of the emitted light in a laser does not depend on the phase of the pump, and that there is no phase matching conditions (preferred directionality) in the system. An OMO, even one based on Brillouin lasing [12, 13] , has different properties. The mechanical quality factor is high enough to endow the generated phonons with some well defined phase. The phase of the Stokes light emitted by the OMO depends on the phonon phase, so the amplification of the Stokes wave becomes phase sensitive and the phase fluctuations of the optical pump leak to the phase fluctuations of the Stokes light. In what follows we develop a model for an OMO and find the phase noise of the generated signal.
It was shown that the linewidth of an OMO increases if generation of an anti-Stokes optical sideband is allowed by the system architecture [7, 10] . In this paper we analyze an ideal case where only two high quality (Q-) factor optical modes and a single mechanical mode interact. The optical pump is resonant with higher frequency optical mode and the Stokes optical sideband is generated in the lower frequency mode. The bandwidth of the optical modes is assumed to be much smaller than the mechanical frequency. This kind of interaction has been realized in oscillators based on stimulated Brillouin scattering [12, 13] and surface acoustic waves [14, 15] .
We write three coupled Langevin equations for the modes and solve them analytically to evaluate the phase noise of the OMO. To obtain a consistent result, we take into account the phase noise of the laser used for pumping the OMO. We show that one limitation of an OMO is that the frequency stability of the mechanical mode is determined in the same way as the electronic quartz oscillators. The fluctuations of the thermal bath as well as the thermodynamic noise and drift of the mechanical mode limit the frequency stability. The pumping light is used as the power source in an OMO, similar to the electric power source in electronic oscillators and, therefore, it is unlikely that the OMO will outperform its electronic analogs, unless the frequency bandwidth of the optical modes is significantly smaller than the frequency bandwidth of the mechanical mode. An advantage of an OMO, on the other hand, is in its potential long term stabilization via stability transfer from the optical frequency domain.
The paper is organized as follows. The equations are presented in Section II, and their solutions are described in Section III. The OMO phase noise and linewidth are analyzed and compared to similar parameters of existing quartz oscillators in Section IV.
II. BASIC EQUATIONS
The triply-resonant opto-mechanical interaction is described by equationṡ
where A, B, and C are the slowly-varying amplitudes the pump (optical), the Stokes (optical mode red shifted with respect to the pump), and the signal (mechanical) fields; Γ A , Γ B , and Γ C are the linear resonant terms of optical and me-chanical modes respectively
γ and γ M are the intrinsic decay rates of the optical and mechanical modes, γ ca and γ cb are optical loading (coupling) rates (the loading of the optical modes can be different because modes belong to different families); g is the optomechanical coupling constant,
K ǫ is the correction coefficient showing that radiation pressure results not only in a change in the size of the resonator, but also in its index of refraction through strain, m * is an effective mass of the mechanical mode, L is an effective spatial parameter of the mode.
The terms F A and F B represent Langevin forces with two uncorrelated parts arising from the internal and coupling loss of the modes
where . . . stands for ensemble averaging, and P is the power of the external optical pump of the mode A. The Langevin force describing the thermal fluctuations of the mechanical system is defined in the similar way
is the averaged number of thermal phonons leaking from the thermal bath of temperature T to the mechanical mode, k B is the Boltzmann constant.
We present the slowly-varying complex amplitudes as
and derive two sets of equations for the amplitude and phase parts of the complex amplitudes from Eqs. (2-3)
where
Equations (16-21) completely describe the triply-resonant opto-mechanical interaction.
III. SOLUTION
Using the set of equations for the phase (19-21) we get the equation for phase difference φ
We introduce ψ = φ − π/2 and rewrite Eq. (29) aṡ
Next, we introduce an expectation time-independent value for the phase difference, ψ , and fluctuational time-dependent part, δφ, so that ψ = ψ + δφ, and get 
The expectation value of the amplitude of the field in the pumped mode increases below the oscillation threshold with increase of the pump power, in accordance with |A| = |F A |/|Γ A |, and then stays constant, in accordance with Eq. (34).
For the sake of simplicity, we assume that the Stokes sideband has much lower power compared with the pump, |A| ≫ |B|, and that the system is triply-resonant (the expectation values of the frequencies are resonant with corresponding modes). We note that
so that for the case of relatively weak Stokes sideband and all-resonant tuning
Using the assumptions and (38) we find
where we took into account that, in accordance with Eq. (31) and Eq. (36), φ FA − φ A = 0 for the resonant tuning.
We
The condition of small Stokes sideband can be written in the form
Substituting Eq. (42) into (40) and (41) we derive
The third equation for phase deviations can be derived from Eqs. (20) and (21):
We solve the set of linear differential equations (43-45) using Fourier transform, e.g.
wheref Bi (ω) andf Ci (ω) are the Fourier components of the noise,
Readout of the OMO signal is accomplished by tracking thradio frequency beat note produced by the optical pump and the generated sideband on a fast photodiode, so the phase and frequency of the measured oscillation signal are determined by the argument of the product of optical amplitudes (AB * ). The phase noise of the signal is given by difference δφ B − δφ A . On the other hand, the mechanical frequency can be read using electronics means, e.g. a capacitive displacement sensor. Neglecting by the electronics back action, we can estimate the phase noise of the signal evaluating δφ C . We find expressions for Fourier amplitudes of these parameters
Equations (53) and (54) can be used to find the phase noise of the OMO. For example, single-sideband phase noise L c (ω) of the mechanical oscillation is defined as,
Using definition
we find
where L in stands for Fourier frequency dependent input phase noise of the pump laser. This value is usually much larger than the contribution from the quantum white noise of the laser. Using similar reasoning we obtain
It is also useful to write an expression for the phase noise of the optical Stokes mode, determining the stability and spectral purity of the Brillouin laser [12] 
Formulas (57), (58) and (59) can be simplified further using the ratio between the photon number in the Stokes mode and the phonon number in the mechanical mode (33), and the expression connecting the number of pump and Stokes photons and output power of the pump and Stokes light
where we assumed that the carrier frequency of the Stokes light is approximately equal to the frequency of the pump light. Finally we get
Equation (61) gives a complete description of the phase noise characteristic of the radio frequency photonic oscillator based on demodulation of the light output of the OMO on a fast photodiode. Equation (62) shows the limiting phase noise of the oscillating mechanical mode that could observed, if the mechanical oscillation is measured using an external devise that does not disturb the system. Equation (63) describes the phase noise of the SBS laser. These expressions can be used to find the linewidth and Allan deviation of the corresponding OMO signals. By definition, the Allan variance of the frequency of the oscillator is given by
Let us consider the case where the OMO signal is retrieved by demodulation of the light leaving the resonator on a photodiode. The single sided power density of the phase noise is related to the linewidth of the oscillator ∆ν as L(ω → 0) = 2π∆ν/ω 2 . We find for the cases of relatively low and relatively high-Q of the mechanical mode
Therefore, in the case of low-Q mechanical mode, the linewidth of the radio frequency beat note generated by the OMO is determined by the linewidth of the pumping light; while in the case of high-Q mechanical mode, the linewidth is described by Schawlow-Townes-like formula [7] and the phase noise of the pumping light is suppressed.
IV. DISCUSSION
Let us estimate the phase noise of the oscillator and compare it to the phase noise of an electronic oscillator. We assume that Q M = 10 5 , ω M = 2π × 10 8 rad/s, γ M = 2π × 500 rad/s, γ = 2π × 10 4 rad/s, γ cb = γ ca = 2π × 10 5 rad/s, ω 0 = 2π × 10 14 rad/s, ∆ν pump = 1 kHz, P Bout = 100 µW, and P = 1 mW.
The light escaping the cavity is demodulated on a photodiode to produce the radio frequency signal. The photodiode introduces thermal noise and white shot noise
in addition to the phase noise (61) coming from the optomechanical oscillator. Here ρ is the resistance of the photodiode, R = ηq/hω 0 is the responsivity of the photodiode, η is quantum efficiency of the photodiode, q is the electron charge, and P D is the total optical power reaching the photodiode. We assume that P D = P . The thermal noise depends on the ambient temperature T and the power of the radio frequency signal leaving the photodiode P RF = 2ρR 2 P P Bout . To find its value we assume that the resistance at the output of the photodiode is ρ = 50 Ohm, the responsivity of the photodiode is 0.8 A/W, and the temperature is T = 300 K. For these parameters, the expected power of the radio frequency signal escaping the photodiode is P RF = 6 µW.
Adding L P D and L a−b we plot the spectrum of the single sideband phase noise (line (1) in Fig. (1) ). It is dominated by the phase noise of the pump laser. If a very narrow linewidth laser is used instead, the phase noise of the OMO would be given by the convolution of curves (4) and (3) (phase diffusion of the oscillator as well as shot noise). In the same figure we also show the phase noise of a commercially available 100 MHz oven controlled quartz oscillator (line (5) in Fig. (1) ). Apparently, the electronic oscillator has much lower phase noise than the OMO, even though thermal drifts resulting in the flicker noise are not taken into account in our analysis. Let us evaluate the sources of frequency drift of the optomechanical oscillator. We note that, according to (35) and energy conservation law,
The OMO frequency drifts if the frequencies of the optical, ω b , and mechanical, ω c , modes drift. It is possible to lock the frequency of the pump light to the frequency of the corresponding optical mode, ω 0 = ω a . Then the OMO frequency becomes dependent on the parameters of the microcavity only: ω a − ω b as well as ω c . This is similar to the case of a quartz oscillator, except the OMO frequency depends on both the eigenfrequency of the mechanical and optical modes. The dependence of the oscillation on the drift of the mechanical mode can be suppressed if the bandwidth of the optical mode is much smaller than the bandwidth of the mechanical mode.
A clear advantage of the OMO over an electronic oscillator is that it can be readily stabilized by locking the pump frequency to the frequency of the corresponding cavity mode, ω 0 = ω a , and then locking the temperature of the cavity to a thermally insensitive optical reference line, for example, an atomic transition. Such a stabilization of the temperature will stabilize the long term drift of the oscillation [16] .
V. CONCLUSION
We have theoretically studied the phase noise of a triplyresonant opto-mechanical oscillator based on a nonlinear optical microcavity. The oscillator generates Stokes optical photons and mechanical phonons out of photons of a coherent pumping light. We have shown that the spectral purity of the opto-mechanical signal is primarily limited by the phase noise of the pump laser. The overall short term performance of the oscillator is expected to be worse than the performance of a conventional electronic oscillator. An important advantage of the opto-mechanical oscillator is the possibility to optically stabilize it. With a proper electronic locking scheme it is possible to transfer frequency stability from the optical domain to radio frequency domain. If stabilized to an atomic transition, an opto-mechanical oscillator can be made to have better long term stability compared to an oven controlled quartz oscillator.
